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Abstract 

We systematically study the construction of mutually unbiased bases in C 2 (^)C 3 , 
such that all the bases are unextendible maximally entangled ones. Necessary conditions 
of constructing a pair of mutually unbiased unextendible maximally entangled bases in 
C 2 (^) C 3 are derived. Explicit examples are presented. 

Mutually unbiased bases (MUBs) play important roles in many quantum information 
processing such as quantum state tomography mim cryptographic protocols HE], and 
the mean kings problem [6jj. They are also useful in the construction of generalized Bell 
states. Let B\ = {|0*)} and £>2 = i = 1, 2, • • • , d, be two orthonormal bases of a 

d-dimensional complex vector space C d , (<pj\(pi) = Sij , ('(g|'</>,;) = Sij. B\ and £>2 are said 
to be mutually unbiased if and only if 

l(MA')l = ^ V b 3 = 1,2,--- ,d. (1) 

Physically if a system is prepared in an eigenstate of basis B 1 and is measured in basis £> 2 , 
then all the measurement outcomes have the same probability. 

A set of orthonormal bases {B \, £> 2 ,... ,B m } in C d is called a set of MUBs if every pair 
of bases in the set is mutually unbiased. For given dimensional d, the maximum number 
of MUBs is no more than d + 1. It has been shown that there are d+ 1 MUBs when d is 
a prime power mum- However, for general d , e.g. d = 6, it is a formidable problem to 
determine the maximal numbers of MUBs ( 2 UIQU 11 U 121 [m hh nn uni htj. 
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When the vector space is a bipartite system C d ^)C d ' of composite dimension dd', 
there are different kinds of bases in C d (^) C d ' according to the entanglement of the basis 
vectors. The unextendible product basis (UPB) is a set of incomplete orthonormal product 
basis whose complementary space has no product states [T8J. It is shown that the mixed 
state on the subspace complementary to a UPB is a bound entangled state. Moreover, 
the states comprising a UPB are not distinguishable by local measurements and classical 
communication. 

The unextendible maximally entangled basis (UMEB) is a set of orthonormal maxi¬ 
mally entangled states in C d (^) C d consisting of less than d 2 vectors which have no addi¬ 
tional maximally entangled vectors that are orthogonal to all of them m- Recently, the 
UMEB in arbitrary bipartite spaces C d (£) C d ' has be investigated in m ■ A systematic 
way in constructing ci 2 -member UMEBs in C d <g) C d ' (f < d < d’) is presented. It is 
shown that the subspace complementary to the ri 2 -member UMEB contains no states of 
Schmidt rank higher than d—1. From the approach of constructing UMEBs in C d (^) C d , 
two mutually unbiased UMEBs in C 2 0 C 3 are constructed in rn- 

ii i this note, we systematically study the UMEBs in C 2 (^) C 3 and present a generic 
way in constructing a pair of UMEBs in C 2 (^) C 3 such that they are mutually unbiased. 
The special example given in [20] can be easily obtained from our approach. 

A set of states in C d (£) C d ', i = 1,2, • • • n, n < dd’, is called an n- member UMEB 

if and only if 

(i) all the states \4>i) are maximally entangled; 

(ii) (4>i\ct>j) = 6 itj ; 

(iii) if (cfril'il’) = 0, V i = 1,2, ■ ■ ■ ,n, then \^) cannot be maximally entangled. 

Here a state | i/j) is said to be a C rf (^)C rf/ maximally entangled state if and only if 
for an arbitrary given orthonormal complete basis {|iA}} of the subsystem A, there exist 
an orthonormal basis {|*_b)} of the subsystem B such that \i/j) can be written as \ip) = 

I*a) <8 \ib) [213- 

Let {10), 11)} and {|0'), |1') |2')} be the computational bases in C 2 and C 3 respectively. 
To construct a pair of MUBs which are both UMEBs in C 2 (££) C 3 , we start with the first 
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UMEB in C 2 0 C 3 given by 


I&> = ® /3)(|00') + |11')), 

1^4) = |0) <S> |2'), 

l^s) = |1)®|2'), (2) 

where cro denotes the 2x2 identity matrix, a*, i = 1, 2,3, are the Pauli matrices, I 3 stands 
for the 3x3 identity matrix, | a/5) = |a) <8> |/3). 

If we choose {|a), |6)} and {|x'), \y'), \z')} to be another two bases of C 2 and C 3 respec¬ 
tively, then we have the second UMEB in C 2 ®C 3 , 

\A) = ® / 3)(l 0a;/ ) + IW)), 

IV’4) = |a) <8> | z'), 

IV's) = \b) ® \z'). (3) 

The bases {|0*)} and (|V ; i)} are mutually unbiased if and only if they satisfy the 
relations m, 

K^IV’i)! = ^=, v i,j = 0, l,--- ,5. (4) 

Let S and W be the unitary matrixes that transforms the bases {10), 11)} and {|O'), |1') |2')} 
to (|a), |ft)} and {|x'), | y'), \z')} respectively, 

5(|0),|l)) = (|a),|6)), 

IU(|0'),|l'),|2')) = (|x'),| y '),|^')). 

Correspondingly we have the relations between \<j>i ) and | ip-), 

\ipj) = (h®W)\<j>j), V j = 0,1,2,3, 

\ipj) = (5® W)\</)j), V j = 4, 5. 

From m one gets, 

\{<t>i\h ® W\4>j)\ = ^=, V * = 0,1,...,5, j = 0,1,2,3, 
m\S®W\</> j )\ = j § , V* = 0,1,...,5, j = 4,5. 


(5) 


( 6 ) 


(7) 
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As (|</>i)} forms a base in C 2 (^)C 3 , the relations in (JT|) imply that the absolute values 
of the entries of the matrices I ®W and S <8> W under the base have the following 

forms: 

( 


( 8 ) 
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\ VJ31 W 32 W33 

be the matrices of S and W in the computational product basis {10), |1)}<8>{|0'), |1'), |2'}}. 
Let F be the unitary matrix that transforms the computational product basis to the basis 
{|</>i)}, i.e.,F(|00'), |01'}, |02'), |10'), |ll'), |12')) = (|</> 0 ),|<^ 5 ))- Form (2), one can easily 
get 
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Therefore the matrices of I 2 <g) W and S <g> W under the basis {!</>«)} are given by 


F\l 2 ®W)F, 


(12) 


and 


( S <g> W)F, 


(13) 


respectively. 

Comparing (fl2l) and m with (|5]) and ([9]), by straightforward calculations, we have 

(i) The absolute values of the entries of w are l/y/Z. Moreover, in the complex plane, 
wn ± w 2 2 and w 2 1 T wy 2 . 

(ii) The absolute values of the entries of S is l/y/2. In the complex plane, W 13 S 11 T 

W 23 S 2 i, W’23Sll -L ^13«21, «h 3 Sl 2 T W23S22 and W23S 12 T U>i 3 S 22 . 

From the condition (i), for simplification, we can set 



( e idl 

g*( 0 2 + f ) 

g*04^ 

w = i/Vs 

e i02 

g*(01 + §) 

e ie 5 


\e idi 

g*(03-f ) 

e W6 j 


(14) 


where, due the properties of unitary matrix, 9i satisfy the following conditions, 


| 0 i- 0 2 | = §, |04-0 5 |=vr, 

e i(6l— 84) e ~iir/3 _|_ gi( 03 — 6 %) — Q 


(15) 


From equation (fTP) . (TT5l) and condition (ii), we find su and s 2 i are orthogonal, s 32 
and S22 are orthogonal. Then we can simply set 


S 


e i9[ 




\/2 \ _|_ e *( 0 i+f) zpgh^+f) 


(16) 


where 0 ^, 0 2 can be any real numbers. 

Therefore, for any 0jS and 9 [s satisfying (fl5l) and (fT 6 l) respectively, one has a W and a 
S. Then from ([6]) one gets the UMEB {I'i/’i)} that is mutually unbiased with the UMEB 

(I*)}- 

We next give some concrete examples of mutually unbiased UMEBs in C 2 (^)C 3 . 
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The UMEB {|</>,)} presented in [20] is of the form, 


| 0 o) = ^ f (|OO') + |ll / }), 

I <!>i) = ^=(<Ti®h)( 100') + 111'}), i = 1,2,3, 
|<M = |c) < 8 > 12 '), 

105) = I d) ® 12'), 


(17) 


where |c) = ^|0) + ^|1), \d) = ^|0) — ^|1). This example corresponds to a different 
transformation matrix F, 
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From our approach, 1031 T W 32 should be added to the condition (i). With respect to 
the condition (ii), the orthogonal relation becomes (su + 73 si 2 ) -L (« 2 i + 73 s 22 ) and 
(73sn — S 12 ) T (73s 2 i — 522 )- However, since we have already set 1031 _L W 32 in (H3), (US]) 
can be also used for this example. 

We choose {0j} to be 


{01 = 0, 0 2 = 83 = 0, 0 4 = VT, 0 5 = 0, 0 6 = 


(18) 


which satisfy the condition (1151) . From (1141) we have 
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(19) 


The unitary matrix W transforms the basis {|0 7 ), |1') |2'}} to basis {|a/}, \y'), |7)}. 
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From Q we have 


|z') = -h(|tf) + i±^|i'> + I 2 ')), 
|2> = T H0 ') + |i') + 


( 20 ) 


We have the unitary operator S , 


5= J_ 1 * 

a/ 2 \ v^+2 1 -a/3 i 

\ 2 2 


( 21 ) 


The corresponding operator S , ,S(|c), |d)) = (|a), |6)), give rise to 

|6> = + i± ^ |1>) - 

Therefore, the second UMEB that is mutually unbiased to (11711 is given by 


( 22 ) 


I -ipj) = ^=(oi ® / 3)(|0x / ) + |1 y')), j = 1,2,3, 

W ^—1°> + ^—|i» ® W), 

ii 1 . v/3 — i. . 1 + V3i...... . . 

= 71 —2—^ + -2-( 23 ) 

(fl7l) and (f23|) are exactly the ones presented in [20] . 

Now we give a new example by choosing other values of {9i} and {0(}. Let the first 
UMEB in C 2 (^) C 3 be the one given in (|2|) . Taking into the condition (|15[) . we set 


27T 7f 

6»i = 7T, 6» 2 = —, #3 = 6*4 = 0, 6» 5 = 7T, 0 6 = 


From (ED, we get 
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and 


|*') = -L(-IO') + =i±^|l'> +12'», 
Is') = ^j(^|^|0'> - i|l'> - i| 2 '», 
\j)= -L(io') - ii->+ 

Taking 0[ = 0 and 0' 2 = ^, we have 

S 1 /1 A 

V2 L iy ’ 


(26) 


(27) 


and 


|o) = -h(|0>+j|l», |6) = -h (i | 0 ) + |1». 


(28) 


From Q we obtain the second UMEB that is mutually unbiased to the UMEB given 
by Eq. (2), 


I i>j) = ^=(<7i <8> /3)(|0x / ) + |1 y')), j = 1,2,3, 

l*) = 2 | ( |o) + i|i))®| 2 '), 

\i>s) = 4=(*|0) + |1» ® k'>- (29) 

It can be directly verified that the two UMEBs (fTTl) and (1291) satisfy the condition (f4j). 
As another example we choose 


47r 

6i = —, e 2 = vr, 6*3 = 0 , d 4 = 7 r, <9 5 = 0 , 0 6 = ir, 

0’ =-tf= 

1 3’ 2 6 


(30) 


The corresponding unitary matrix W and S are of the form, 


W = i/Vs 
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The basis (|a), |6)} in C 2 and the basis {|x'), | y'), jz 7 )} in C 3 are given by 


ix') = U-) + 1 2 ')), 

| 9 ') = T H | 0 ') + ^i^|i')-i|2')), 

| 2 ') = T(_|0') + |1')-|2')), 


and 




(33) 


Therefore, another UMEB that is mutually unbiased to the UMEB given by (2) is of the 
form, 


\*Pj) = T(xi ®/ 3 )(|0x') + |ly')), j = 1,2,3, 

w = 71 (i± ^ |0) + Z 4 ±1|1>) ® I 2 ')’ 

+ (34) 

We have presented a general way in constructing UMEBs in C 2 (^) C 3 such that they 
are mutually unbiased. Explicit examples are given for constructing a pair of mutually un¬ 
biased unextendible maximally entangled bases, including the one in m as a special case. 
Our approach may shed light in constructing more UMEBs that are pairwise mutually 
unbiased in C 2 (^) C 3 or higher dimensional bipartite systems. 
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